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When using Laplace transforms| it is usually required to invert a Laplace
transform to complete a calculation. Saff and Snider give a formula for
finding the inverse Laplace transform in section 8.3, in Theorem 6:

If a function F'(t) is piecewise smooth on every finite interval and | F'(t)|
is bounded by M e~ for ¢ > 0,then the Laplace transform £ {F'} (s) exists
for R (s) > «. For all t > 0 and any a > «, the inverse transform is given by

F(t F(t— 1 artico
( +)—; (=) = ﬁp.v./_'m L{F}(s)e’ds (1)

The quantity on the LHS copes with functions that are discontinuous at
certain points. For a continuous function, the LHS would be just F'(¢). The
“p.v.” stands for “principal value”. The limits on the integral indicate that
the range of integration extends along the vertical line R (s) = a from —eo
to oo, In practice, we usually use Cauchy’s residue theorem| to evaluate the
integral.

Example 1. Find the inverse transform of

1

1) =25

2
We could just look this up in a table of Laplace transforms, but we will use
[l to show how the method works.
We can write
1

(s+2i)(s—2i)

9(s) = 3)
so the function has simple poles at s = £2¢. We can choose any value of a,
so to include the poles we take a = 3 and use the contour in Fig.

We want the integral along the vertical (red) path as the limits extend to
infinity. Along the curved (blue) path, we have

z=3+pe? 4)
1
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FIGURE 1. Contour for inverse Laplace transforms.

where p is the radius of the circle and % <fg< 37“ We therefore have the
contour integral (where we replace s by z in[I)

dz )

6(3—i—pcos6?)teiptsir19
/c (z+2i) (2 —21)

Along the blue arc, for ¢ > 0, the integral is bounded by (since 7p is the
circumference of the arc):

34pcos G)teipt sinf

6( ‘6(3+pcos6')t‘ TP 3¢

™ < p—0 (6

2 < 2 A"
(p=3)"+4  (p—3)"+4
where the second inequality follows because cos@ is negative for 5 < 6 <

37”. Thus the contour integral becomes just the integral along the red line as
p — oo. By the residue theorem we have

2244

REWS) €Zt ezt

dz = 2mi 7

/Mo (120) (= 23) L2 0
We can use the residue theorem to work out the residues, and we have
ezt 62it

Res (27) = li = 8

es(2) = lim 5 =& ©
ezt 6—2it

Res(—2i) = lim = )

-2z =21  —4q
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Putting it together, we get

1 eZit e*Zit
F(t) = — |2mi _ 10
(*) 27ri[m(4i 4i )} (10)
sin 2t
_ 11
> (11)

For t < 0, we can flip the contour in Fig. [[|horizontally about the red line, so
the blue arc covers the angles —5 < ¢ < 7, in which the cosine is positive.
A similar analysis as above shows that the integral over the blue arc goes
to zero as p — oo. Since the contour now contains no poles, the integral is
zero, so the integral along the red line is also zero, meaning that F'(¢) =0
if ¢ <0.

Example 2. Find the inverse transform of

4
g\s$)="—"3

(s) 1P
We can choose a = 2 in[I] and use the same type of contour as before. A
similar analysis shows that the integral along the blue arc goes to zero. The
function now has a pole of order 2, so the residue is

4e*t s d ) 4! ot
Res<(2_1)2,1> —y_r)r% 7 ((z—l) (2_1)2>] = 4te (13)

As there is only one pole, we have
F(t) = 4te! (14)

(12)

Example 3. Find the inverse transform of

s+1
=5 15
9(5) s2+4s+4 (15)
We can write this as +1
s
g(s) = (16)
(s+2)°
so we have single pole of order 2 at s = —2, with residue
1 zt d 1 zt
O CRID LSS P T o S Ch L (17)
(Z—l—2) z——2 | dz (2+2)
=e 2 (1—1) (18)

This is also the required inverse transform
F(t)y=e(1-1) (19)
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Example 4. Find the inverse transform of
1

= > 20
9(s) s3+3s2+2s 20)
1
= 21
s(s+2)(s+1) @h
Here we have 3 simple poles, so we calculate the residues for each:
et 1
R 0= 22
«(seraem?) - =
et 6721‘/
R 2| =— 23
es<z<z+2><z+1>’ ) 2 2y
ezt .
Res ,—1 | =—e" 24
<z(z+2)(z—|—1) > 9
We therefore have
Lo 25
F(t)=z4+——¢"
(=5+— ¢ (25)
Example 5. Find the inverse transform of
s+3
= 26
9(s) s2+4s+7 (26)

This one is a bit more complicated, as the denominator factors into
Pas+7=(s— (-24V31)) (s— (-2-v3i)) @D

We can therefore find the residues at these two simple poles. This gets a bit
messy, so using Maple to do the algebra, we get

Res (<Z+—3)et —2+¢§¢) _ —é (1 +i\/§) Vaelm2Hva)t  (ag)

2244247
(Z + 3) et . l . (—2—i\/§)t
Res (-5 —2-V3i] = (1-iv3) V3c (29)
2 44z 477 6
By inspection, we can see that these two residues are complex conjugates of
each other, so their sum will be real. Again, using Maple to do the algebra,

we find e /3
3e “*sin(v/3t
Y = e eos(Vat) + (V31 (30)
Res 3
so this is the required inverse transform
3e 2tsin(v/3t
F(t) = e*”cos(\@t) V3 . (v31) 31)
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